In the present work the spread of epidemic is studied over complex networks which are characterized by power law degree distribution of links and heterogeneous rate of disease transmission.
I. INTRODUCTION
The topic of epidemic spreading has been of great interest for very long period of time [1] owing to its application in the multitude of research areas [2] [3] [4] [5] [6] [7] . The intensive research activity in the area of complex networks over the last few decades has turned them into a very conducive substrate to study a plethora of problems pertaining to the spread of epidemics [8] [9] [10] [11] . The general prescription to study these problems in the realms of complex network theory involves representing the networks such as biological, social, technical or financial in terms of graphs and their subsequent coupling with suitable spreading process [4] [5] [6] [12] [13] [14] .
In this description, the entities forming a network such as humans, computers, airports, biological cells, emails, internet etc. are represented in terms of nodes and the corresponding interactions between them as links. The networks can be categorized into different kinds based upon the structural organization of their constituent nodes and the corresponding links connecting them. In the literature a special interest has been in the study of scale free networks [16] [17] [18] for which the connectivity between the links is described in terms of power law distribution given by P (K) ∼ K −γ , where the parameter γ must be larger than zero to ensure a finite average connectivity < K >. The power law distribution for the links implies that each of the nodes in the network have statistically significant probability of having very large number links in comparison to the average value. The scale free characteristics have been observed in many of the naturally and artificially occurring networks [18] [19] [20] .
The susceptible-infected-susceptible (SIS) is a simple model that has served as a building block to study vast number of problems pertaining to the spread of epidemics on these networks both at macroscopic as well as microscopic scales [6, 26, 27] . In this model the nodes of a network are either in susceptible or are in infected state. The infection spreads when a susceptible node comes in contact with infected node which results in the change of state of the latter. This change of state from susceptible to infected is at a rate proportional to the number of contacts times the rate of spread (β). On the other hand the infected individual recovers to the susceptible state at a recovery rate µ. The macroscopic description of epidemic spreading upon these networks rely upon the mean field approach in which the homogeneity and isotropy of the system are used to reduce the level of complexity. The extension to the 2 previous approach is a heterogeneous mean field approach in which the nodes are segregated into different classes depending upon their respective degrees and the dynamical properties are assumed to be same for each of these classes. This coarse grained macroscopic description has been successful in the study of critical properties of the network, such as outbreak and prevalence of epidemics [21] [22] [23] [24] [25] . The understanding of topological effects of network upon the spreading of epidemics as well as the node level probabilistic study of the mechanism are in the preview of the microscopic description [5, [26] [27] [28] .
In these aforementioned studies epidemic spreading has been assumed to have a homogeneous transmission with a constant spreading rate (β) and the heterogeneity is considered in terms of the number of links connected to the node. However, the real scenarios representing the social or computer networks can be much more complicated in which multiple contagions can be simultaneously present and their effects are not mutually exclusive. For such a case, single source heterogeneity is not suffice to describe the spread of a epidemic. The complex coupling arising from the multiple heterogeneities have to be taken into account to describe the possible synergetic impact of multiple contagions on the disease transmission [15] . Alternatively, it can be of special interest in understanding the spread of same disease in social networks that comprises different sub-populations which can be categorized on the basis of age, social status, sex or different levels of immunity. The spread of disease on such networks is not only dependent upon the degree of the node but also upon the individual rate of transmission.
The present work takes into account the effects of heterogeneous rates of infection transmission upon the spreading dynamics of the disease over scale free networks [16, 17] . The
Monte Carlo Markov chain method based upon SIS model is used to describe the spread of disease over these networks. It provides the first principle node level description of the infection mechanism parameterized in terms of the number of contacts a node makes with the fraction of its neighboring nodes at each time step. The parameterization in terms of number of concurrent contacts made by a node to its neighbors has been used to model the different spreading processes [26, 27] . The two of the prominent models based upon this criterion are:
Contact Process (CP) and Reactive Process (RP). These two process represent the limiting cases as in the former case (CP), a node makes contact with only one of its neighbor and in the latter case (RP), a node makes simultaneous contact with all its neighbors. In this work, the time evolution of the nodes over a parametric space defined in terms of rate of infection (β), node degree (number of links K) and the state of the system (ρ(t)) is examined to understand the interplay between the network topology and criticality of the parameters and a ij = 0 respectively. For the present work, the edges(or connections) between the N nodes(or individuals) are unweighted and undirected with a power law degree distribution [16, 17] . In this work, the nodes of the network are characterized in terms of two parameters namely the node degree (K) and rate of transmission (β). The degree of the node is described by a power law distribution (K) and its corresponding transmission rate (β i ) is randomly assigned a discrete value from a specified range {.1, 1}. The rates of transmission are discretized (in units of 0.1) and they have been normalized to the rate recovery µ which is set to a numerical value one. The random allocation of the transmission rate makes the spreading of disease heterogeneous, as the infection probability between a pair of nodes (i, j) is not equal. The schematic layout of the model is shown in Figure-1 , to describe mechanism of heterogeneous spread of infection by a node to its neighbors.
The mechanism for the spread of disease over the network based upon SIS model can be physically understood in the following way. An infected node in the network transmits the infection with a probability β to its immediate neighborhood. The successful transmission to an initially susceptible node results in its change of state to become infected, and a successful transmission to an initially infected node has no effect. An infected node can get cured and change its state to susceptible with a probability µ. The spread of the disease follows a Markovian assumption as the successive states of each the nodes is only affected by their present state. The successive synchronous transitions of the system to a stationary system results in Markov chains. Based upon this Markovian assumption a unified model has been proposed in which various spreading process are parameterized in terms of number of concurrent contacts a node makes with its neighbors and attempts to transmit the disease [26, 27] . Thus a node can concurrently receive infection from many other nodes in the network and change its state according to above described mechanism. In the present work, this model has been extended to take into the heterogeneous rate of disease transmission into account. The following is the discrete-time stochastic mathematical model of the above described process.
The eq-(1) can be re-arranged and expressed in the simplified form,
where the probability q i (t) of node i not being infected by any neighbor is given by,
The random allocation of the transmission rate described by β i to the i th node of network introduces the two parameter heterogeneity (β i , K i ) in the system. The role of the individual terms constituting the Eq.(1) can be understood from the model description outlined in the following references [26, 27] . The probability that a susceptible node (1 − p i (t)) is infected (1 − q i (t) by at least a neighbor is given by the first term. The second term gives the probability that node infected at time t does not recover (1 − µ)p i (t) , and finally the last term takes into account the probability that an infected node recovers (µp i (t)) but is re-infected by at least a neighbor (1 − q i (t). Within this formulation, it is assumed that the most general situation in which recovery and infection occur on the same time scales, allowing then re-infection of individuals during a discrete time window (for instance, one MC step). The values of the contact probabilities r ji for unweighed networks can be expressed as,
where
For the contact process, λ = 1 and R 1 (x) = x, whereas for the fully reactive process, λ → ∞ and R ∞ (x) = 1. At the stationary state, Eqs. (1) and (3) are independent of the discrete time step, and simplify to
with
The final stationary state of the system can be also be determined solving the Eqs.6 and 7
by fixed-point iteration until a fixed point is found. Finally, the average fraction of infected nodes in the stationary state is given by
The simultaneous dependence of the infected node upon the transmission rate (β i ) and node degree (K i ), which are not mutually exclusive hinders the previously outlined mathematical frame work [26] for determining the criticality of parameter in the outbreak of a disease.
III. RESULTS
In this section, the results of MC simulations are presented so as to gain detailed insight into the mechanism of disease spread over scale free networks with the heterogeneous rate of transmission. The spread of disease over these networks is based upon the previously described SIS model in which a given node at any time can be in either of the two states At the onset of the simulation a certain fraction of the nodes (5%) are randomly infected.
The coupled set of equations given by Eqs.
- (1) and (3) describe the dynamical state of a network at any given time. These equations are simultaneously solved to describe the spread of the disease on the networks and are evolved till the state of nodes attain a stationary value
In Figure 2 , the detailed phase space diagrams describing various spreading processes are shown in the parametric space defined by the node degree(K), rate of transmission(β) and The degree to which an infection spreads in the networks corresponding to various spreading processes (for different λ) can be assessed in terms of size of epidemic. In the present study, the size of epidemic is expressed in terms of the fractional distribution of infected individuals of the total population (dN/N ) together with their subsequent level of infection(ρ f ).
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In Figure 3 , the results of different parametric studies are shown which gives the relative quantitative measure of epidemic sizes for each of the spreading processes that are parameterized in terms of variable λ. From the simulated results, it has been found that for a class of spreading processes described by λ ≥ 2, there is an outbreak and then the prevalence of disease over these networks. It can be further inferred from such results that the size of epidemic over a network heavily relies on the choice of spreading processes. The size of epidemic is found to increase with the increase in parameter λ, which refers to variation from contact processes (λ = 1) towards the reactive processes(λ 10 = ∞). The increase in the epidemic size can be attributed to the increased participation of the individuals described by Eq-4 for the various spreading processes. Physically, it signifies increased level of interaction among the individuals in the connected network. It is worthwhile to mention here that for representational purpose the results of reactive process (i.e, λ = ∞) have been plotted at λ = 10 and doesn't correspond to the latter parameter.
In Figure 4 , the explicit dependence of the epidemic sizes upon each of the two factors The another aspect of the study is to understand the spread of infection corresponding to the reactive process which is one of the widely studied mechanisms of infection transmission.
The reactive processes represents the upper limit (λ = ∞) of the above described unified 9 model for different processes. In this scenario, an infected node concurrently contacts all its nearest neighbors and attempts to spread the infection to them. In Figure 5 , The explicit dependence of each of these epidemic sizes on parameters β i and K i in a reactive process corresponding to different networks is shown in Figure 6 . It is evident from the results that the epidemic size has non zero value in each of these spaces which implies the absence of microscopic threshold about these parameters in the outbreak of the epidemic.
The comparison of the relative epidemic sizes in the β −ρ and K −ρ spaces demonstrates the underlying role of network topology upon the interactional dynamics of the sub populations.
In the β space, for a specified value of parameter m, the relative epidemic size for different sub populations is proportional to the respective rate of transmission (β i ). Further the increase in the value of parameter m results in the relative increase in epidemic size for various sub populations. The similar dependence is also observed in the relative comparison between epidemic size in the K space. The increase in the value of parameter m results in the shift of population towards larger epidemic size.
The rate at which the epidemic spreads along with its size can be of great relevance for the design of efficient vaccination program. In the present work the velocity at which an epidemic spread for a unit time step can been approximately defined as:ρ(t) ρ(t+1)−ρ(t).
In Figure 7 , the time evolution of epidemic size and the corresponding velocity are shown for a different values of parameter m(= 1, 2, 3). It is evident from the results that the time of spread of epidemic depends upon minimum degree of the node that is parameterized in terms of previously defined variable m. The increase in number of links in a networks corresponding to the minimum degree of node increases the rate of spread of epidemic. Thus it can be conjectured that the time of spread and size of the epidemic for the reactive process depends upon the minimum node degree (m).
IV. SUMMARY
The theoretical framework together with the results of the present study are summarized in this section. The framework presented here has wide range of applications in the description of various real life scenarios, such as to understand the role of interaction among various sub-populations in a given sample in the spread of the disease. It can also be used to describe the effect of simultaneous presence of multiple contagions in the social or computer networks having different probability of epidemic transmission. In the present work, the spreading of disease is studied using SIS model over scale free networks that are characterized by heterogeneous rates of infection transmission. The scale free networks are described by BA model and degree distribution of the links is given by P (k) ∼ k −γ with γ in the range 2.73 ∼ 3.01.
The spread of disease over these networks is described using a discrete time MC simulations in which the state of all the nodes in the network is synchronously updated at each time step. In these simulations the state of all the nodes in the network is evolved till they attain a stationary value. The number of concurrent contacts made by a node to its neighbor has been used as a parameter (λ) for describing various process of disease spread over these networks. This parametrization scheme allows us to investigate the role of network topology upon the outbreak, prevalence and final size of the epidemic.
These simulations provide the time evolution of the dynamical state of the system and its simultaneous dependence of upon the transmission rate (β) along with the node degree(K).
From the parametric study, we note that the outbreak of the epidemic in these networks is critical in terms the number of contacts a node makes with the fraction of its neighboring For a reactive process no critical threshold has been observed in terms of these parameters in the outbreak of the epidemic. We concluded that this work provides a comprehensive understanding of the disease dynamics corresponding to the different spreading process over complex networks.
FIGURE CAPTIONS
Fig (1): Schematic layout to study the effect of heterogeneous transmission rate on scale free networks.
Fig (2):Final state of the system corresponding to the different spreading processes characterized by variable λ in the phase space defined in terms of transmission rate β and node degree K. There is no outbreak of epidemic in the final state for contact process(λ = 1).
The final states for the random walk are shown in sub plots corresponding to λ = 3, 5 of the variable. The final state of the system for reactive process is shown sub plot for λ = ∞. .
